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Phantom-like behaviour in dilatonic brane-world scenario with induced gravity
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The Dvali, Gabadadze and Porrati (DGP) model has a self-accelerating solution, the positive
branch, where the brane is asymptotically de Sitter. A de Sitter space-time can be seen as a boundary
between quintessence-like behaviour and phantom-like behaviour. We show that in a 5D dilatonic
bulk, where the dilaton has an exponential potential, with an induced gravity term on the brane,
whose matter content corresponds only to vacuum energy, the positive branch solution undergoes
a phantom-like stage where it faces a curvature singularity in its infinite future. The singularity
can be interpreted as the “big rip” singularity pushed towards an infinite future cosmic time. The
phantom-like behaviour on the brane occurs without violating the null energy condition. There
is another solution, the negative branch, where the brane can undergo an early-epoch (transient)
inflationary phase induced by the dilaton field.
PACS numbers: 95.36.+x, 98.80.-k, 04.50.+z, 98.80.Es
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I. INTRODUCTION
The supernova Ia (SNIa) observations [1] and the cosmic microwave background (CMB) anisotropy data [2] suggest
that the expansion of our universe seems to be accelerating. A possible explanation for this evolution is the usual
vacuum energy represented by a cosmological constant providing a negative pressure [3]. However, the observational
value of Λ is about 120 orders of magnitude smaller than that established from field theory methods [3]. So far,
alternative phenomenological models have been proposed to describe the late-time acceleration of the universe [4].
One approach is to consider an effective dark energy component in the energy momentum tensor. For example, this
component can be described by a scalar field as in quintessence models [5] or tachyonic models [6]. Dark energy can
also be described effectively by a perfect fluid with a linear equation of state or a more general barotropic equation of
state like in Chaplygin gas models [7]. Motivated initially by SNIa observations, phantom energy models [8, 9, 10, 11]
have also been proposed to account for the late-time acceleration of the universe. A recent analysis [12] of the current
equation of state for dark energy based on CMB anisotropies, SNIa and X-ray galaxy cluster data concluded that
the current equation of state is compatible with a phantom-like behaviour of dark energy; i.e. w, the ratio of the
pressure and the energy density of dark energy, could be less than −1. A similar conclusion is reached in [13]; i.e.
observational data do not seem incompatible with phantom-like behaviour of dark energy. In phantom energy models
the null energy condition is not satisfied. Hence, the energy density is an increasing function of the scale factor in
an expanding Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) universe. This may lead to the occurrence of a big rip
singularity in the future evolution of a phantom energy dominated universe [9, 10, 11].
An alternative approach to account for the late-time acceleration of the universe is to consider a generalised
Einstein theory of gravity like brane-world models (for reviews, see Ref. [14]) where the observable four-dimensional
(4D) universe is a brane (hyper-surface) embedded in a higher-dimensional space (bulk). For example, the Dvali,
Gabadadze and Porrati (DGP) model [15] has a self-accelerating solution at late-time which is asymptotically de
Sitter [16, 17]. In this model the bulk is a 5D Minkowski space-time and the brane action contains an induced gravity
term [15, 16, 17, 18, 19, 20, 21, 22, 23, 24] which is proportional to the 4D Ricci scalar curvature of the brane. Dilatonic
brane-world models [25, 26, 27, 28] can also account for late-time acceleration of the brane through a quintessence-like
behaviour driven by a bulk dilaton [29]. One aim of this paper is to show that a dilatonic brane-world model with an
induced gravity term in the brane can mimic a phantom-like behaviour without including matter on the brane that
violates the null energy condition.
In an induced gravity brane-world model the Friedmann equation has two solutions (depending on the embedding
of the brane in the bulk [16]). One of these solutions (the self-accelerating solution or the positive branch) can account
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2for the late-time evolution of the universe [16, 17]. The other solution (the negative branch) can describe the early-
time evolution of the universe1 [20, 21, 22, 23, 24] and in particular corresponds to a correction to Randall-Sundrum
(RS) model [30]. In the dilatonic brane-world model with induced gravity that we will analyse, the negative branch
may undergo a transient inflationary epoch.
The layout of this paper is as follows. In section 2, we present our dilatonic brane-world model with induced gravity.
The bulk scalar field potential is a Liouville potential. The matter content of the brane is coupled to the dilaton
field. We deduce the modified Friedmann equation for both branches, the junction condition of the dilaton across the
brane, which constrains the brane tension, and the energy balance on the brane. In section 3, we analytically derive
the solutions of a vacuum brane for both branches; i.e. whose matter content is described through the brane tension.
We show that the brane tension has a phantom-like energy density behaviour on the positive branch in the sense
that the brane tension grows as the brane expands. The brane hits a singularity in its future evolution which may be
interpreted as a “big rip” singularity pushed towards an infinite cosmic time. The negative branch can undergo an
early-epoch (transient) inflationary phase induced by the dilaton field through the brane tension. Finally, we conclude
and summarise in section 4.
II. THE MODEL
We consider a brane, described by a 4D hyper-surface (h, metric g), embedded in a 5D bulk space-time (B, metric
g(5)), whose action is given by
S = 1
κ25
∫
B
d5X
√
−g(5)
{
1
2
R[g(5)] + L5
}
+
∫
h
d4X
√−g
{
1
κ25
K + L4
}
, (2.1)
where κ25 is the 5D gravitational constant, R[g
(5)] is the scalar curvature in the bulk and K the extrinsic curvature of
the brane in the higher dimensional bulk, corresponding to the York-Gibbons-Hawking boundary term [31].
We consider that there is a dilaton field φ living on the bulk and we choose φ to be dimensionless. Then, the 5D
Lagrangian L5 can be written as
L5 = −1
2
(∇φ)2 − V (φ). (2.2)
The 4D Lagrangian L4 corresponds to
L4 = αR[g]− λ(φ) + Ω4Lm(Ω2gµν). (2.3)
The first term on the right hand side (rhs) of the previous equation corresponds to an induced gravity term [15, 16,
17, 18, 19, 20, 21, 22, 23, 24], where R[g] is the scalar curvature of the induced metric on the brane and α is a positive
parameter which measures the strength of the induced gravity term and has dimensions of mass squared. The term
Lm in Eq. (2.3) describes the matter content of the brane and λ(φ) is the brane tension. We allow the brane matter
content to be non-minimally coupled on the (5D) Einstein frame but to be minimally coupled respect to a conformal
metric g˜
(5)
AB = Ω
2 g
(5)
AB, where Ω = Ω(φ).
We are mainly interested in the cosmology of a homogeneous and isotropic brane, with an induced gravity term
[22, 23], and embedded in a bulk with a dilaton field [25]. It is known that for an expanding FLRW brane the unique
bulk space-time in Einstein gravity (in vacuum) is a 5D Schwarzschild-anti de Sitter space-time [32, 33]. This property
in principle cannot be extended to a 5D dilatonic bulk. On the other hand, we stress that the presence of an induced
gravity term in the brane-world scenario affects the dynamics of the brane, through the junction conditions at the
brane, and does not affect the bulk field equations. Consequently, in order to study the effect of an induced gravity
term in a brane-world dilatonic model, it is possible to consider a bulk corresponding to a dilatonic 5D space-time
and later on impose the junction conditions at the brane. The junction conditions will then determine the dynamics
of the brane and constrain the brane tension. This is the approach we will follow.
A. The bulk
From now on, we will restrict our attention to a 5D dilatonic solution obtained by Feinstein et al [28] and analysed
by Kunze and Va´zquez-Mozo in the context of quintessence brane-world models [29] without an induced gravity term
1 For an alternative use of the negative branch of the DGP scenario see Ref. [18].
3on the brane. The 5D dilatonic solution reads [29]
ds25 =
1
ξ2
r2/3(k
2
−3)dr2 + r2(−dt2 + γijdxidxj), (2.4)
where γij is a 3D spatially flat metric. The bulk potential corresponds to a Liouville potential; i.e.
V (φ) = Λ exp[−(2/3)kφ]. (2.5)
The parameters k and ξ in Eq. (2.4) measure the magnitude of the 5D cosmological constant Λ in the Liouville
potential
Λ =
1
2
(k2 − 12)ξ2. (2.6)
On the other hand, the 5D scalar field scales logarithmically with the radial coordinate r [29]
φ = k log(r). (2.7)
We will consider only the case k > 0 (the main conclusions of the paper does not depend on the sign of k); i.e. the
scalar field is a growing function of the coordinate r. The metric (2.4) has a naked singularity at r = 0: the Ricci
scalar diverges for vanishing r,
R[g(5)] =
4
3
ξ2
(
2 k2 − 15) r−(2/3) k2 , (2.8)
and the singularity is not surrounded by an event horizon.
B. The brane
We consider a homogeneous and isotropic brane embedded in the previous 5D dilatonic solution Eq. (2.4) and whose
trajectory on the bulk is described by the following parametrisation
t = t(τ), r = a(τ), xi = constant, i = 1 . . . 3, (2.9)
where τ corresponds to the proper time of the brane. Then the brane metric reads
ds24 = gµν dx
µdxν = −dτ2 + a2(τ)γijdxidxj . (2.10)
For simplicity we will assume a Z2-symmetry at the brane (which is also motivated by specific M-theory constructions
[34, 35]). For an induced gravity brane-world model [16, 24], there are two physical ways of embedding the brane on
the bulk when a Z2-symmetry across the brane is assumed. We will refer to a brane as the positive branch when the
location of the brane r = a(τ) is such that
ds25 =
1
ξ2
r2/3(k
2
−3)dr2 + r2(−dt2 + γijdxidxj), r > a(τ). (2.11)
On the other hand, we will refer to a brane as the negative branch when the location of the brane r = a(τ) is such
that
ds25 =
1
ξ2
r2/3(k
2
−3)dr2 + r2(−dt2 + γijdxidxj), r < a(τ). (2.12)
The brane tension λ is constrained by the scalar field junction condition across the brane [25]
na∇aφ = κ
2
5
2
[λ′(φ)− (lnΩ)′(φ)T ] , T = T µµ , (2.13)
where a prime stands for derivative respect to the scalar field and Tµν is defined as
Tµν = − 2√−g
δ
δgµν
(
√−g Ω4Lm). (2.14)
4We will consider that Tµν is described effectively by a perfect fluid with energy density ρ and pressure p. For
simplicity, we will consider that the matter content of the brane is minimally coupled respect to the conformal metric
g˜
(5)
AB = exp(2bφ) g
(5)
AB; i.e. Ω = exp(bφ), where b is a constant.
The evolution equation for the scale factor of the brane, a, is given by the Israel junction conditions [25, 26]
Kµν = −κ
2
5
2
[
Sµν − 1
3
Sgµν
]
, S = Sµµ , (2.15)
where Sµν is the energy-momentum tensor of the brane
Sµν = − 2√−g
δ
δgµν
(
√−g L4), (2.16)
and can be split as
Sµν = −λ(φ)gµν + Tµν − 2αGµν . (2.17)
The last term on the rhs of the previous equation corresponds to the effect of the induced gravity term on the energy
momentum tensor of the brane. This term is proportional to the Einstein tensor of the brane Gµν . We would like to
stress that although the induced gravity effect does not appear explicitly in the junction condition for the scalar field
φ Eq. (2.13) (because there is no coupling between the scalar field and the induced gravity term), the brane tension
will feel the induced gravity effect through the modified Friedmann equation.
The ij components of Israel junction condition Eq. (2.15) imply:√
ξ2a−
2
3
k2 +H2 = −ǫ κ
2
5
6
[
λ(φ) + ρ− 6αH2] , (2.18)
where ǫ = ±1. From now on, ǫ = 1,−1 refer to the positive and negative branches, respectively. The tt component of
Eq. (2.15) results on:
ξ2a−
2
3
k2 + (k
2
3 + 1)H
2 + H˙√
ξ2a−
2
3
k2 +H2
= ǫ
κ25
2
{
−1
3
λ(φ) +
[
2
3
ρ+ p+ 2α(H2 + 2H˙)
]}
, (2.19)
where a dot stands for derivative respect the cosmic time τ .
Using the junction condition of the scalar field at the brane Eq. (2.13), we obtain
k
√
ξ2a−
2
3
k2 +H2 = ǫ
κ25
2
[λ′(φ)− b(−ρ+ 3p)] . (2.20)
The energy balance on the brane due to the scalar field comes from the Codacci equation [26], the junction conditions
(2.13), (2.15) and reads
∇νSνµ = −(λ′(φ)− bT )∇µφ. (2.21)
Substituting the explicit expression of the energy-momentum of the brane Eq. (2.17) in the previous expression, we
obtain
∇νT νµ = b T ∇µφ. (2.22)
Consequently
ρ˙+ 3H(ρ+ p) = (ρ− 3p)b a˙dφ
da
. (2.23)
The energy density on the brane is not conserved as is usual in dilatonic brane-world models [25, 26]. Indeed, the
presence of an induced gravity term on the brane action does not modify the energy balance on the brane because the
induced gravity term is not coupled to the bulk scalar field; i.e. α is constant. Then, if we suppose that the perfect
fluid satisfies a constant equation of state; i.e. p = wρ with w constant, the energy density scales with the scale factor
as in the model analysed in [29]:
ρ(φ) = ρ0 exp[−(m/k)φ], m = 3(w + 1) + (3w − 1)kb. (2.24)
5However, the Friedmann equation of the brane is modified by the presence of the induced gravity term as we will see
shortly. Moreover, the differential equation satisfied by the brane tension λ involves the Hubble parameter H (see
Eq. (2.20)). Consequently, the solutions for λ(φ) obtained in [29] are no longer valid in our model.
Friedmann equation of the brane follows from Eq. (2.18) and reads
H2 = −ξ2a−(2/3)k2 + κ
4
5
36
[
λ+ ρ− 6αH2]2 . (2.25)
There are two solutions of the Friedmann equation
H2 =
1
6α
{
λ+ ρ+
3
κ45α
[
1 + ǫ
√
1 + 4κ45α
2ξ2a−2k2/3 +
2
3
κ45α(ρ+ λ)
]}
, (2.26)
where ǫ = 1 describes the cosmological evolution of the positive branch and ǫ = −1 describes the cosmological
evolution of the negative branch. The positive branch has not a well defined limit when α approaches zero. This
branch generalises the DGP model [15]. Indeed, for λ = ρ = 0 and for a constant scalar field and vanishing potential
on the bulk; i.e. k = 0 and ξ = 0, we recover the self-accelerating solution of the DGP model [16]. The negative
branch has a well defined limit where we recover the Friedmann equation obtained in [29]. Moreover, this branch
generalises the RS model [30]. In fact, for a vanishing induced gravity parameter, a constant scalar field on the bulk
and a constant potential on the bulk fine tuned with the brane tension such that 36ξ2 = κ45λ
2, we recover RS model.
It remains to deduce the constraint on the brane tension. Using equations (2.18), (2.20) and (2.24) we obtain
H2 =
1
2kα
[
(λ + ρ)′ +
k
3
(λ+ ρ) +
3
k
(w + 1)ρ
]
. (2.27)
Finally, equating the last two equations, we deduce the constraint satisfied by the brane tension for each of the
branches
(λ+ ρ)′ +
3
k
(w + 1)ρ =
k
κ45α
[
1 + ǫ
√
1 + 4κ45α
2ξ2a−2k2/3 +
2
3
κ45α(λ + ρ)
]
. (2.28)
Again, in the limiting case where the induced gravity parameter vanishes the last equation is well defined for the
negative branch. This is not true for the positive branch.
III. VACUUM BRANE SOLUTIONS
In what follows, we will restrict our analysis to the case of a vacuum brane; i.e. p = −ρ. Then the constraint
equation of the brane tension (2.28) reduces to
(λ+ ρ)′ =
k
ακ45
[
1 + ǫ
√
1 +
2
3
ακ45(λ + ρ) + 4α
2κ45ξ
2a−(2/3)k2
]
. (3.1)
If there is no matter on the brane then the brane tension satisfies the same constraint Eq. (3.1) with ρ = 0. This is not
surprising as we have restricted the matter content on the brane to satisfy a vacuum equation of state. Consequently,
the energy density ρ for w = −1 results in a rescaling of the brane tension λ. For the sake of simplicity, we will refer
to λ+ ρ (with w = −1) simply as the brane tension.
Before getting the general solution of Eq. (3.1), let us see if there are maximally symmetric branes (we restrict to
Minkowski and de Sitter space-times). Combining Eqs. (2.27) and (3.1), it can be shown that there are maximally
symmetric branes as long as the brane tension scales with the scale factor as
λ = 6αH2 − ǫ 6
κ25
√
H2 + ξ2a−
2
3
k2 (3.2)
and satisfy the differential equations (2.27) and (3.1). This is only possible for a flat brane; i.e. H = 0. Indeed in this
case the brane tension is fine-tuned with the cosmological constant. This kind of solutions was already noticed in [36].
A flat brane in the negative branch can be embedded in the bulk given by Eq. (2.4) for any value of the scalar field,
φ, at the brane. However, a flat brane in the positive branch can only be embedded on the bulk, if φ ≤ 3/(2k) log(d)
6There are no brane solution with de Sitter geometry for an evolving bulk scalar field. However, Eq. (3.2) satisfies
Eqs. (2.27) and (3.1) for very small scale factors on both branches; i.e. the positive and negative branches can
be asymptotically de Sitter in the past. On the other hand, it can also be checked that the negative branch is
asymptotically Minkowski in the future; i.e. Eq. (3.2) satisfies Eqs. (2.27) and (3.1) for very large scale factors.
In order to solve the differential equation (3.1) it is helpful to rewrite it as:
dy
dx
= 1 + ǫ
√
1 + y + de−x, (3.3)
in terms of the following dimensionless quantities
y =
2
3
κ45αλ, x =
2
3
kφ =
2
3
k2 ln(a), d = 4α2κ45ξ
2. (3.4)
The solution of the previous equation can be written as a 2D surface involving the dimensionless brane tension y and
the rescaled dimensionless scalar field x
2
√
z2 − de−x + ln
[
z −√z2 − de−x
z +
√
z2 − de−x
]
= 2c, z = 1 + ǫ
√
1 + y + de−x, (3.5)
where c is an integration constant. We will show latter on that the initial value of the Hubble parameter is fixed by
c. The Minkowski solution we discussed earlier corresponds to z2 = d exp(−x) or equivalently y = 2ǫ
√
d exp(−x/2).
Although, we are not able to get an explicit relation between the brane tension and the scale factor (or between y
and x), we can rewrite the constraint (3.5) in a parametric form as2
z(η) =
1
2η
[
2c− ln
(
1− η
1 + η
)]
, (3.6)
de−x(η) = (1− η2)z2, (3.7)
y(η) = z(−2 + η2z). (3.8)
Finally, substituting Eqs. (3.6)-(3.8) into Friedmann equation (2.26), the Hubble parameter reads:
H =
1√
2ακ25
h =
1
2ακ25
ηz, (3.9)
where, for latter convenience, we have introduced the dimensionless Hubble parameter, h, which in term of η reads
h =
√
2
4
[
2c− ln
(
1− η
1 + η
)]
. (3.10)
The range of variation of the parameter η and the constant c depends crucially on the specific branch. This will
result in very different physical properties of the two branches.
A. Positive branch ǫ = 1
In the positive branch and for a vacuum brane, the brane tension is a growing function of the scalar field or
equivalently of the scale factor of the brane (see Eqs. (2.7) and (2.20)). We would like to stress that in a standard 4D
FLRW expanding universe filled with a phantom energy component, the energy density behaves in this way too: the
energy density is a growing function of the scale factor [9, 10].
The dimensionless variable z which essentially measures the growth of the brane tension with respect to the scalar
field is greater than 1 (see Eq. (3.5)). This implies η ∈ [0, 1) and the integration constant c is such that c ≥ 0. In
addition, there is a one to one correspondence between the scale factor and the parameter η. Indeed, the scale factor
is an increasing function3 of η.
2 The parametric solution given by Eqs. (3.6)-(3.8) does not include the Minkowski solution, we discuss earlier.
3 The function de−x = da−2/3k
2
is a decreasing function of η.
7A detailed analysis of Eqs. (3.6)-(3.8) for c > 0 shows that at high energy (a → 0 or η → 0), the brane tension
reaches infinite negative values. On the other hand, for very large values of the scale factor (η → 1), the brane tension
acquires infinite positive values. The larger is the value of the integration constant c, the sooner (for smaller scale
factor) the brane tension becomes positive.
The behaviour of the solution given by Eqs. (3.6)-(3.8) for c = 0 is different from the behaviour of the solution
with c > 0. The scale factor is bounded from below (for η → 0, d exp(−x) → 1) when c = 0. The brane tension is
also bounded from below (for η → 0, y → −2). On the other hand, the brane tension acquires very large positive
values when the scale factor is very large (or η → 1). Moreover, the solution given by Eqs. (3.6)-(3.8) for c = 0 can be
extended to −1 < η < 0. In fact, the solution is bouncing around η = 0 where the scale factor acquires its minimum
value. For simplicity, we will restrict to 0 ≤ η < 1 when c = 0.
The dimensionless Hubble parameter h is an increasing function of η and consequently an increasing function of the
scale factor a (see footnote 3). At high energy (small values of the scale factor or η approaching 0), the dimensionless
parameter h reaches a constant positive value proportional to the integration constant c. On the other hand, at very
large values of the scale factor (or η approaching 1), the dimensionless Hubble parameter diverges. The divergence of
the Hubble parameter for very large values of the scale factor might point out the existence of a big rip singularity in
the future evolution of the brane; i.e. the scale factor and Hubble parameter blow up in a finite cosmic time in the
future evolution of the brane. However, as we will next show the divergence of H and a (and also of λ) occur in an
infinite cosmic time in the future evolution of the positive branch.
We introduce a dimensionless cosmic time for the brane defined as
τ˜ =
1
2ακ25
τ. (3.11)
Then using Eqs. (3.4), (3.7) and (3.9), we obtain
τ˜ = − 3
2k2
∫ η
ηc
g(η)
(1− η) ln(1 − η)dη, (3.12)
where
g(η) =
1
ηz
(1 − η) ln(1− η) d
dη
ln
[
(1− η2)z2] , (3.13)
and ηc is a constant. The function g(η) is continuous on [0, 1], approaching 2 for large value of the scale factor, i.e.
η = 1, and approaching 2/c for very small scale factor 4; i.e. η = 0. Consequently, g(η) has a minimum on [0, 1] which
we denote min(g). On the other hand, it can be proven that g(η) is positive and different from zero on [0, 1] for any
c > 0. Then min(g) > 0. Consequently, the dimensionless cosmic time of the brane is bounded from below as follows
τ˜ > − 3
2k2
min(g)
∫ η
ηc
[(1− η) ln(1− η)]−1 dη. (3.14)
Integrating the rhs of the previous inequality, it can be easily proven that the cosmic time on the brane diverges
for η approaching 1 where the scale factor reaches infinite values. This proof is only valid for c > 0. For c = 0 a
straightforwards extension of the previous proof implies the same result; i.e. τ˜ diverges when η approaches 1 where
the scale factor and Hubble parameter blow up. Another way of showing that there is no big rip singularity on the
future evolution of the brane is by noticing that the asymptotic behaviour of the dimensionless tension of the brane
at large value of the scale factor is y ∼ x2/4. Therefore,
H ∼ k
2
κ25α
ln(a). (3.15)
Consequently, the Hubble rate does not grow as fast as in phantom energy models with a constant equation of state
where a big rip singularity takes place on the future evolution of a homogeneous and isotropic universe [9, 10].
In summary, we have proven that in the positive branch filled only with vacuum energy there is a singularity in
the future evolution of the brane. The singularity is such that for large value of the cosmic time, the scale factor and
the Hubble parameter diverge. This kind of singularity can be interpreted as a “big rip” singularity pushed towards
4 For c = 0, g(η) vanishes when η approaches zero.
8an infinite cosmic time of the brane. We would like to stress that this singularity appears only on the brane and not
in the bulk. Indeed, large values of the scale factor, a, correspond to large values of the extra coordinate r (where
the bulk is asymptotically flat) and the only bulk singularity is located at r = 0. It can also be proven that the time
derivative of the Hubble parameter,
2
√
2α2κ45H˙ =
dh
dτ˜
=
dh
dη
(
dτ˜
dη
)−1
= −
√
2k2
12
η
[
2 c− ln
(
1− η
1 + η
)]2 [
2 η − 2 c+ ln
(
1− η
1 + η
)]−1
, (3.16)
acquires infinite positive values for very large scale factors or cosmic time. In fact, the whole evolution of the positive
branch is super-inflationary, i.e. H˙ > 0. The curvature singularity we have found has some similarities with the one
in 4D phantom energy models with constant equation of state [9, 10]: H and H˙ diverges for large values of the scale
factor. Although, in these models [9, 10] the scale factor, Hubble parameter and cosmic time derivative of the Hubble
parameter diverge on a finite future cosmic time.
Finally, we point out that there is no big bang singularity for the solutions we have analysed. Despite the fact that
the scale factor vanishes at earlier time for c > 0, the Hubble parameter is finite and its time derivative vanishes (see
Eq. (3.16)). Indeed, for c > 0 the brane geometry is asymptotically de Sitter in the past. For c = 0, the initial scale
factor is non vanishing, the Hubble parameter vanishes and its time derivative is finite. As we mentioned before, the
scale factor is bouncing around η = 0 when c = 0.
B. Negative branch ǫ = −1
In the negative branch and for a vacuum brane, the brane tension is positive and a decreasing function of the scalar
field or equivalently of the scale factor of the brane (see Eqs. (2.7), (2.18) and (2.20)). Consequently, the dimensionless
variable z defined in Eq. (3.5) is negative. This implies η ∈ (− tanh(c), 0] and the integration constant satisfies c > 0.
It can be shown that there is a one to one correspondence between the scale factor and the parameter η. Indeed,
the scale factor is a decreasing function5 of η. An analysis of Eqs. (3.6)-(3.8) shows that at high energy (a → 0 or
η → 0), the brane tension reaches infinite positive values. On the other hand, for very large value of the scale factor;
i.e. η → − tanh(c), the brane tension vanishes.
The dimensionless Hubble parameter h given in Eq. (3.10) is an increasing function of η and consequently a
decreasing function of the scale factor. At high energy, the dimensionless Hubble parameter h reaches a constant
positive value proportional to the integration constant c. On the other hand, at very large values of the scale factor,
the dimensionless Hubble parameter vanishes.
Unlike the positive branch, the negative branch is never super-inflating, although the negative branch always
undergoes an inflationary period, as we will next show. The second temporal derivative of the scale factor satisfies
α2κ45
a¨
a
= −1
2
ηz
1− η2
[
d
dη
ln
(
de−x
)]−1
f(η), (3.17)
where
f(η) = z(η)− 1 + k
2
3
. (3.18)
The brane is inflating when f is negative6. The brane behaves in two different ways depending on the values acquired
by k2. For k2 ≤ 3, the brane is eternally inflating as f is always negative (see Figs. 1,2). A similar behaviour
was found in [29] in a dilatonic brane-world model without an induced gravity term. On the other hand, the brane
undergoes an initial stage of inflation when k2 > 3 until f vanishes. Later on the brane starts decelerating (see
Figs. 1,2). This second behaviour was not found in [29] for a vacuum brane. Then, the inclusion of an induced gravity
term on a dilatonic brane-world model with an exponential potential on the bulk allows inflation to take place in
the negative branch, even if it does not for a vanishing induced gravity parameter (for k2 > 3). This behaviour has
some similarity with steep inflation [37], where high energy corrections to the Friedmann equation in RS scenario [30]
5 The function de−x = da−2/3k
2
is a increasing function of η and consequently the scale factor is a decreasing function of η (see Eq. (3.4)).
6 The term multiplying f on the rhs of Eq. (3.17) is negative because de−x is positive and a decreasing function of η, −1 < − tanh(c) <
η ≤ 0 and the brane tension is positive (z is negative). Consequently, the brane is inflating whenever f is negative.
9permit an inflationary evolution of the brane with potentials too steep to sustain it in the standard 4D case, although
the inflationary scenario introduced by Copeland et al in [37] is supported by an inflaton confined in the brane while
in our model inflation on the brane is induced by a dilaton field on the bulk.
Finally, we stress that there is no big bang singularity for the vacuum solution on the negative branch. Although,
the scale factor vanishes at early times, the Hubble parameter is finite and its time derivative vanishes (see Eq. (3.16)).
Like the positive branch, the negative branch is asymptotically de Sitter in the past. The vacuum negative branch also
does not face a curvature singularity in its future. Indeed, for large values of the scale factor the Hubble parameter
and its cosmic derivative vanish and the brane is asymptotically Minkowski.
IV. CONCLUSIONS
In this paper we study the behaviour of a dilatonic brane-world model with an induced gravity term on the brane
with a constant induced gravity parameter α. We assume a Z2-symmetry across the brane. The dilatonic potential
is an exponential function of the bulk scalar field and the matter content of the brane is coupled to the dilaton field.
We deduce the modified Friedmann equation for the positive and negative branch (which specifies the way the brane
is embedded in the bulk), the junction condition for the scalar field across the brane and the energy balance on the
brane. We obtain the vacuum solutions Eqs. (3.6)-(3.8); i.e. the matter content of the brane is specified by the brane
tension, for a FLRW brane.
In the vacuum positive branch, the brane tension is a growing function of the scale factor and, consequently, mimics
the behaviour of a phantom energy component on the brane. This phantom-like behaviour is obtained without
including a phantom fluid on the brane. In fact, the brane tension does not violate the null energy condition. The
expansion of the brane is super-inflationary; i.e. the Hubble parameter is a growing function of the cosmic time. At
high energy (small scale factors), the brane is asymptotically de Sitter for c > 0, where the parameter c is proportional
to the initial Hubble parameter. There is a another solution which is a bouncing solution (c = 0) around a minimum
non-vanishing scale factor. The brane faces a curvature singularity in its future evolution, where the Hubble parameter,
brane tension and scale factor diverge. The singularity happens in an infinite cosmic time. Therefore, the singularity
can be interpreted as a “big rip” singularity pushed towards an infinite future cosmic time.
In the vacuum negative branch, the brane tension is a decreasing function of the scale factor. Unlike the positive
branch, the branch is not super-inflating. However, it always undergoes an inflationary expansion (see Eq. (3.17)).
The inflationary expansion can be eternal (k2 ≤ 3) or transient (k2 > 3). For large values of the scale factor, the
negative branch is asymptotically Minkowski.
It remains to be seen how the results obtained in this paper are modified when the brane has matter contents in
addition to the brane tension. On the other hand, we have chosen a specific dilatonic bulk and consequently we do
not know how general are the brane properties we have found. We leave these interesting questions for future work.
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FIG. 1: This figure shows the behaviour of the function f (defined in Eq. (3.18)) as a function of η. The negative branch
undergoes an inflationary expansion whenever f is negative. For k2 ≤ 3, the negative branch is eternally inflating. On the
other hand, for k2 > 3 the brane is initially inflating until f(η) vanishes. The solid (darker grey), dotted and dashed-dotted
(lighter grey) lines correspond to f(η) for k2 = 2, 3, 15 respectively and c = 1.
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FIG. 2: This figure shows the behaviour of the dimensionless acceleration parameter given by α2κ45a¨/a (introduced in Eq. (3.17))
as a function of the parameter η. The solid (darker grey), dotted and dashed-dotted (lighter grey) lines correspond to the
acceleration parameter for k2 = 2, 3, 15 respectively and c = 1. For k2 = 2, 3 the negative branch is eternally inflating. On the
other hand, for k2 = 15 the brane undergoes an initial transient inflationary epoch.
